Abstract. In this paper, we study the algebraic symplectic geometry of the singular moduli spaces of Higgs bundles of degree 0 and rank n on a compact Riemann surface X of genus g. In particular, we prove that such moduli spaces are symplectic singularities, in the sense of Beauville [Bea00], and admit a projective symplectic resolution if and only if g = 1 or (g, n) = (2, 2). These results are an application of a recent paper by Bellamy and Schedler [BS16] via the so-called Isosingularity Theorem.
Introduction
In this paper we show how a recent result of Bellamy and Schedler [BS16] on symplectic resolutions of quiver and character varieties can be used to derive information on symplectic resolutions for the moduli space M H (X, n) of semistable Higgs bundles of degree 0 and rank n on a compact Riemann surface X of genus g. In particular, we prove that for g > 1 and (g, n) = (2, 2) the aforementioned moduli space does not admit such a resolution. On the other hand, we show that, in the case of elliptic curves, M H (X, n) does admit a symplectic resolution (note that in the case (g, n) = (2, 2) such a resolution was constructed in [KY08] ). For the proof of these results, a central tool is the so-called Isosingularity Theorem, proved by Simpson in the seminal paper [Sim94b] .
Higgs bundles and symplectic resolutions have become ubiquitous throughout algebraic and differential geometry, representation theory and mathematical physics. For instance, Higgs bundles, which first emerged thirty years ago in Nigel Hitchin's study of the self-duality equations on a Riemann surface [Hit87] and in Carlos Simpson's work on nonabelian Hodge theory, [Sim94a; Sim94b] , play a role in many different areas of mathematics, including gauge theory, Kähler and hyperkähler geometry, surface group representations, integrable systems, nonabelian Hodge theory, the Deligne-Simpson problem on products of matrices, and (most recently) mirror symmetry and Langlands duality. On the other hand, the theory of (conical) symplectic resolutions has been widely studied not only in mathematics, but also in physics, and has applications and connections to representation theory, symplectic geometry, quantum cohomology, mirror symmetry, and equivariant cohomology. For a survey on some of these connections, see, e.g., [BPW16] and [Bra+16] .
Symplectic resolutions for Higgs bundles have been considered by Kiem and Yoo in [KY08] : in their work they prove that M H (X, 2) admits a symplectic desingularization if and only if g = 2.
Remark 1.1. As a special case of our main theorem, we obtain a new short proof of the aforementioned result form [KY08] that there is no symplectic resolution of M H (X, n) when n = 2 and g ≥ 3.
The paper is organized as follows: in Section 2 we recall some well known results on Higgs bundles and their moduli spaces and give the relevant definitions of symplectic singularities and symplectic resolutions; then, in Section 3, we recall Simpson's Isosingularity Theorem, which is the central result needed for our proof; in Section 4, we state the theorem of [BS16] on the nonexistence of symplectic resolutions for a certain class of character varieties and explain how one can formulate and prove an analogous statement for the moduli space of Higgs bundles. Moreover, in addition to the (g, n) = (2, 2) case, for which we already know from [KY08] the existence of a symplectic resolution, we prove that, in the elliptic curve case, one has a symplectic resolution.
Main result (Theorems 4.6, 4.7 and 4.9 below). The following holds true:
(A) The moduli spaces M H (X, n) are symplectic singularities. (B) They admit projective symplectic resolutions exactly in the cases g = 1 and (g, n) = (2, 2).
Part (A) of the above result is proved by using Namikawa's criterion [Nam01b, Theorem 6], Simpson's Isosingularity Theorem (Theorem 3.2) and the hyperkähler structure on the moduli space of stable Higgs bundles. Furthermore, part (B) follows from a combination of aforementioned Isosingularity Theorem and (a formal analogue of) one of the main results in [BS16] , (Theorem 4.2). Finally, to consider the elliptic curve case, a result of Franco [Fra12] gives a clear geometric description of the moduli space M H (X, n), when X is an elliptic curve, which allows us to see that M H (X, n) does admit a symplectic resolution (Theorem 4.9).
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Character varieties, Higgs bundles and symplectic resolutions
In this section we will give the main definitions and results to fix the set up of the paper. For the sake of brevity, we will not give the proofs of any of the statements mentioned, for which we shall refer the reader to the relevant references.
2.1. Character varieties. Let X be a smooth complex projective curve of genus g, and let G be a reductive algebraic group over C. Consider the space Y G = Hom(π 1 (X), G) of homomorphisms from the fundamental group of X to the group G. Using the presentation by generators and relations of π 1 (X), we can give Y G the structure of affine variety: indeed, we know that
as follows:
which is equivalent to considering Y G as the subvariety of G 2g cut out by the equation
Since the group G acts by conjugation on G and one may define the G-character variety of X as the categorical quotient [MFK02]
Algebraically, this is just
the spectrum of the ring of G-invariant functions on Y G .
Remark 2.1. In the notation X(g, G) we omitted X since the character variety depends only on the topology of X, i.e. on its genus, and not on the complex structure.
Despite their simple definition, character varieties have a very rich geometry and have been the subject of a large body of literature. For the purposes of this paper, we will be interested in the case where G = GL(n, C) and we will use the notation X(g, n) for the character variety X(g, GL(n, C)), where X is a compact Riemann surface of genus g.
Higgs bundles.
In what follows we shall give a brief overview of Higgs bundles and their moduli spaces. Our main references are [GRR15] and the seminal papers of Hitchin [Hit87] and Simpson [Sim92; Sim94a; Sim94b] . Definition 2.2. A Higgs bundle on X is a pair (E, Φ), where E is a holomorphic vector bundle on X and Φ, the Higgs field, is an End(E)-valued 1-form on X, i.e. Φ ∈ H 0 (End(E) ⊗ Ω 1 X ). In order to have a moduli space with a meaningful geometric structure, one has to consider bundles of fixed rank and degree which satisfy the following stability condition.
is the slope of a vector bundle. The Higgs bundle (E, φ) is said to be stable if the strict inequality holds. Moreover, (E, φ) is said to be polystable if it is either stable or a direct sum of stable Higgs bundles with the same slope.
Remark 2.4. Explaining the origin of the notion of Higgs bundles and the use of such terminology, first introduced by Hitchin, is beyond of the scope of this paper, and thus we would like only to highlight that Higgs bundles were defined in the context of the study of certain self-duality equations on a Riemann surface. The interested reader may wish to refer to the original paper [Hit87] and to the references mentioned in the introduction for further details.
As mentioned before, imposing the (semi)stability condition makes it possible to have a moduli space that has sufficiently nice properties. The construction of such a moduli space was firstly carried out by Hitchin, in the rank 2 case [Hit87] , and generalized to arbitrary rank by Nitsure [Nit91] , via the use of Geometric Invariant Theory. We summarise this in the following theorem, which describes the structure of the moduli space in the case when the g(X) ≥ 2. In what follows we will use the notation M H (X, n) for the moduli space M H (X, n, 0). M H (X, n) is precisely the object of study of this paper, and in Section 4 we will characterize the singularities of such a quasi-projective variety and determine when it admits a symplectic resolution. For this, we shall first recall some basic facts about symplectic resolutions.
2.3. Symplectic resolutions. The theory of symplectic singularities and symplectic resolutions was first defined by Beauville in [Bea00] and since then it has seen a tremendous development, see e.g. [Fu06] .
Definition 2.7. Let Y be a normal algebraic variety over C. Then, we say that Y is a symplectic singularity if the smooth locus of X, U = Y \ Y sing , carries a holomorphic symplectic 2-form ω U such that, for every resolution of singularities ρ :Ỹ → Y the pull-back ρ * ω YU extends to a holomorphic 2-form onỸ .
Remark 2.8. One could alternatively define symplectic singularities by requiring the existence of a resolution of singularities that satisfies the condition of the above definition. It turns out that this is equivalent to requiring the pull-back of the symplectic form to extend for every resolution of singularities.
Definition 2.9. Given a symplectic singularity (X, ω U ), we say that a resolution ρ :X → X is symplectic if the extension of ρ * ω U is a holomorphic symplectic 2-form.
Remark 2.10. The reader should refer to [Fu06, §2] , for a list of examples of symplectic singularities, symplectic resolutions and an account on symplectic singularities which do not admit symplectic resolutions. In this context, Section 4 provides a further example of a symplectic singularity which does not admit a symplectic resolution. For related examples, see, e.g., [Bel09; BS13; BS] on quotient singularities.
Remark 2.11. Note that, following Beauville [Bea00], we define symplectic singularities using holomorphic 2-forms. One can also define them requiring the symplectic form to be algebraic, and it appears that the symplectic structures defined on the moduli spaces under consideration are indeed algebraic.
The Isosingularity Theorem
In this section, we will state one of the two crucial results needed in the proof of our main result, known as the Isosingularity Theorem, and proved by Simpson in his seminal paper [Sim94b] , where the general version of the nonabelian Hodge correspondence is given. As suggested by the name, the nonabelian Hodge correspondence can be thought of as a nonabelian version of the well known Hodge Theorem, which gives an isomorphism between the de Rham cohomology H n dR (X, C) and the Dolbeaut cohomology ⊕ p+q=n H q (X, Ω p ) of a compact Kähler manifold X. Putting this result together with the classical de Rham Theorem, one obtains isomorphisms:
In the nonabelian Hodge correspondence, C is substituted by a complex algebraic group G and the above cohomology spaces are replaced by the so-called Betti, de Rham and Higgs moduli spaces respectively, which all have a much richer geometric structure than their abelian counterparts. More explicitly, in the case of G = GL(n, C), one considers the following spaces.
• The Betti moduli space M B (X, n): the space of representations π 1 (X) → GL(n, C) modulo the conjugation action of G, which is also known as the character variety X(g, n), recalled in Section 2; • The de Rham moduli space M dR (X, n): the moduli space of flat rank n vector bundles on X; • The Higgs moduli space M H (X, n): the moduli space of semistable Higgs bundles of degree 0 and rank n, which we recalled in Section 2. From the work of Hitchin [Hit87] 
Moreover, the nonabelian Hodge correspondence states that much more is true: indeed, the following is a consequence of results in [Sim94b] .
Theorem 3.1. Denote by φ : M B (X, n) → M dR (X, n) and ψ : M dR (X, n) → M H (X, n) the bijections (⋆). Then, one has that (1) φ in an isomorphism of the associated complex analytic spaces; (2) ψ is a homeomorphism of topological spaces.
The fact that Theorem 3.1.
(1) is not just a set-theoretic bijection, but an isomorphism of complex analytic spaces, is a key ingredient in the proof of our main result, as it enables us to transfer the formal isomorphism given by the Isosingularity theorem to another formal isomorphism between different spaces. This will become clear in Section 3 below. In what follows we shall state the Isosingularity theorem in a form that is slightly different from the original statement, but which is equivalent and more suitable for our purposes. The reader should refer to [Sim94b, Theorem 10.6] for a proof of these results.
Theorem 3.2 (Isosingularity). For any point x ∈ M deR(X,n) there is a canonical isomorphism between the formal completions of M dR (X, n) at x and M H (X, n) at ψ(x).
Remark 3.3. One can deduce an important corollary from the above theorem using a result of Artin ([Art69, Corollary 2.6]): indeed, using this result one can prove that Theorem 3.2 implies that M H (X, n) and M B (X, n) are locallyétale isomorphic at corresponding points. We will make use of this consequence later in the paper when studying the singularities of M H (X, n).
As a consequence, one can relate formal completions of the spaces M B (X, n) and M H (X, n) at corresponding points. To this end, one needs the following result, which relates formal and analytic completions of a variety at a point. The reader should refer to [Tay02, Chapter 13] for a proof of this result and a detailed treatment of the relations between the complex algebraic and the analytic points of view.
Proposition 3.4. Let V be an algebraic variety and let V an denote the space V considered as a complex analytic space. For x a point in V , there is an isomorphism of locally ringed spaces
With the above proposition at hand, one can prove the following theorem, which is the crucial tool to transfer the results about symplectic resolutions from the context of character varieties to that of Higgs bundle moduli spaces.
Theorem 3.5. There is an isomorphism between the formal completions of the spaces M B (X, n) and M H (X, n) at corresponding points.
Proof. The result is a consequence of Theorem 3.2, Proposition 3.4 and part (1) of Theorem 3.1. Indeed, for x a point in M B (X, n) one has the following chain of isomorphisms
where x ′ = φ(x) and x ′′ = ψ(x ′ ) and the first and the third isomorphisms come from Proposition 3.4, the second is a consequence of Theorem 3.1, and the fourth is precisely the Isosingularity Theorem.
Symplectic resolutions: from character varieties to Higgs bundles
4.1. Proof of the main result. We first recall results of Bellamy and Schedler [BS16, Proposition 8.5, Corollary 8.16] about the nature of the singularities of X(g, n) and the existence of symplectic resolutions. Then, via Theorem 3.5, we prove that the analogous result holds for the variety M H (X, n). We will use Simpson's notation M B (X, n) for the character variety X(g, n). Although we will not prove the above results, one should note that two different strategies are proposed in [BS16] for their proofs:
(A) Since a symplectic resolution is a crepant resolution, to prove that the former can not exist, it suffices to prove that the latter does not exist. To this end, it is well-known that if Y is a normal variety which is factorial and has terminal singularities, then Y does not admit a crepant resolution. In [BS16, Theorem 8.15 ] it is shown that M B (X, n) has these properties under the assumptions of Theorem 4.2; (B) one may also prove Theorem 4.2 by noting that if a symplectic resolution exists, then the same is true for the formal (orétale) neighbourhood at every point. This gives an alternative proof of the above result because in [BS16, Remark 1.21] it is pointed out that the formal neighbourhood of (0, . . . , 0) in the SL(n, C)-character variety is isomorphic to the formal neighbourhood of a certain quiver variety, which in turn, from the proof of [KLS06, Theorem B], does not admit a symplectic resolution when g > 1 and (n, g) = (2, 2). To prove Theorem 4.7, we will adopt strategy (B) via the use of Theorem 3.5, and then apply strategy (A)étale locally. From the above, one can prove a key fact about the singularities of the moduli space M H (X, n). In order to do this, we will need the following result, which gives an estimate on the codimension of the strictly semistable locus of the moduli space M H (X, n), i.e. the locus given by Higgs bundles which are semistable but not stable, 
Proof. In this proof we will use the shortened notations M n and M stps n for M H (X, n) and M stps H (X, n), respectively. The first step is to give an explicit description of the locus M stps : from Definition 2.2, a polystable Higgs bundle which is not stable is the direct sum stable Higgs bundles. Therefore, for any partition n = (n 1 , . . . , n k ) of n there is a set-theoretic map
Note that this map ν n is algebraic: this follows from the fact that taking direct sums is functorial and well-defined on isomorphism classes of Higgs bundles. Up to the action of a permutation group on the image, the map ν n is injective so that
Moreover, it is clear that
here P(n) denotes the set of partitions of n. Therefore, the following holds true:
Let n = (n 1 , . . . , n k ) ∈ P(n) be a partition such that the maximum above is attained and let k = l(n) be its length: note that 1 ≤ k ≤ n. Then, be above equality can be written as
The desired estimate can be written as dim M stps n ≤ dim M n − 2, which, using the calculation above, is
but this is clearly seen to hold true and, thus, the proof is concluded.
Theorem 4.6. Assume that g(X) ≥ 2. Then, the moduli space M H (X, n) is a symplectic singularity.
Proof. In order to prove the theorem one needs to verify that the hypotheses of Proposition 4.3 are satisfied. To this end, one needs to prove that M H (X, n) is normal, its singularities are rational Gorenstein, and the smooth locus of M H (X, n) admits a holomorphic symplectic form. The first two properties are proved by noting that being normal and rational Gorenstein areétale local properties and, thus, by the Isosingularity Theorem, M H (X, n) is normal and has rational Gorenstein singularities if and only if the same holds for M B (X, n): but this is true from Theorem 4.1. For the third part, it is a well known result ([Hit87; Sim94a], see also [Wel07] ) that M s H (X, n) admits a hyperkähler structure and, thus, a holomorphic symplectic structure (this is true, more generally, for Higgs bundles of arbitrary degree d). Such a holomorphic symplectic structure can be extended to the smooth locus: indeed, by Lemma 4.5 we know that the codimension of the complement of the stable locus inside the smooth locus is at least 2, and the stable locus is dense in the smooth locus since the latter is irreducible (by Proposition 4.4). Therefore, all the hypotheses of Proposition 4.3 are satisfied and the theorem is proved.
We are now ready to prove the main result of the paper.
Theorem 4.7. When g > 1 and (g, n) = (2, 2), the moduli space M H (X, n) does not admit a symplectic resolution.
Proof. Suppose by contradiction that when g > 1 and (g, n) = (2, 2) such a resolution ρ : M → M H (X, n) exists and let x be the point in M H (X, n) that corresponds to the trivial representation, call it Id, in the Betti moduli space M B (X, n) via the homeomorphism given by Theorem 3.1. (2). Then, by the Isosingularity Theorem, there is anétale neighbourhood V of x in M H (X, n) isomorphic to anétale neighbourhood U of Id in M B (X, n). Furthermore, by assumption, via thiś etale local isomorphism, from the resolution ρ, one can construct a symplectic resolutionρ of U . But U is factorial and terminal: factoriality of U follows from the proof of [BS16, Theorem 8.15]; on the other hand, the fact that U has terminal singularities follows from [Nam01a, Corollary 1]. Since this is a contradiction, the theorem follows.
Given the above theorem and the resolution constructed in the case (g, n) = (2, 2) in [KY08] , the only case left to consider is that of elliptic curves. Recall that, from [BS16] , it is possible to show that, for X an elliptic curve, the character variety X(g, n) does admit a symplectic resolution, (see [BS16, Proposition 8.13]). Moreover, an analogous result can be obtained for the moduli space M H (X, n) using a result shown in E. Franco's PhD Thesis [Fra12] (see also [FGPN14] ), which relies on techniques from [Hit87] . 
With such an explicit geometric description of M H (X, n, d), one can prove the following result.
Theorem 4.9. Let X be an elliptic curve. Then, the moduli space M H (X, n) is a symplectic singularity and it admits a symplectic resolution
Proof. We know from the Theorem 4.8 that the moduli space M H (X, n) is isomorphic to the n-th symmetric power of the cotangent bundle to the elliptic curve X. Via this isomorphism, we can induce a (generic) symplectic structure on M H (X, n) so that, by definition, the isomorphism α n,0 is, generically, a symplectomorphism. Moreover, it is a well-known fact ([Fu06, Example 2.4]) that, given a smooth symplectic surface S, for any n ≥ 1, the variety Sym n S is a symplectic singularity and there exists a symplectic resolution Hilb n S → Sym n S.
Therefore, setting S = T * X the theorem follows.
Remark 4.10. E. Franco has pointed out to us that the map α n,d is actually a symplectomorphism over the stable locus, using the hyperkähler structure on M H (X, n), so that the generic symplectic structure constructed in Theorem 4.9 is the usual one. In this case, much less is known: indeed, it is not even clear whether the formal non-abelian Hodge correspondence holds true. Moreover, it is not known whether the twist introduced in the previous definition affects the nature of the singularities. To prove the analogue of Theorem 4.2, due to the lack of an Isosingularity theorem in this case, it may be better to use strategy (A) outlined above.
On the other hand, it is an interesting open question if such a Isosingularity statement holds in this more general setting. A detailed study will appear in future work.
